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Abstract: Neutrosophic cubic sets (NCs) are amore generalized version of neutrosophic sets(Ns) 
and interval neutrosophic sets (INs). Neutrosophic cubic setsare better placed to express consistent, 
indeterminate and inconsistent information, which provides a better platform to deal with incomplete, 
inconsistent and vague data. Aggregation operators play a key role in daily life, and in relation 
to science and engineering problems. In this paper we defined the algebraic and Einstein sum, 
multiplication and scalar multiplication, score and accuracy functions. Using these operations 
we defined geometric aggregation operators and Einstein geometric aggregation operators. First, 
we defined the algebraic and Einstein operators of addition, multiplication and scalar multiplication. 
We defined score and accuracy function to compare neutrosophic cubic values. Then we definedthe 
neutrosophic cubic weighted geometric operator (NCWG), neutrosophic cubic ordered weighted 
geometric operator (NCOWG), neutrosophic cubic Einstein weighted geometric operator (NCEWG), 
and neutrosophic cubic Einstein ordered weighted geometric operator (NCEOWG) over neutrosophic 
cubic sets. A multi-criteria decision making method is developed as an application to these operators. 
This method is then applied to a daily life problem. 


Keywords: neutrosophic cubic weighted geometric operator (NCWG); neutrosophic cubic ordered 
weighted geometric operator (NCOWG), neutrosophic cubic Einstein weighted geometric operator 
(NCEWG); neutrosophic cubic Einstein ordered weighted geometric operator (NCEOWG) 
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1. Introduction 


The theory of fuzzy sets was introduced by Zadeh [1].Soon after, it attracted experts of sciences 
and engineering due to its possibilistic behavior. The applicability of fuzzy sets extended it to interval 
valued fuzzy sets(IVFs) [2,3]. In 1986, K. Atnassov developed the theory of intuitionistic fuzzy sets [4], 
which were further extended to interval valued intuitionistic fuzzy sets in 1989 [5]. In 2012, YB. 
Jun generalized the idea of fuzzy sets and intuitionistic fuzzy sets to form cubic sets [6]. Smarandache 
presented his theory regarding the inconsistent and indeterminate behavior of data in 1999, and named 
it the neutrosophic set [7]. Neutrosophic sets consist of three components:Truth, indeterminate and 
falsehood, which provides a more general platform to deal with vague and insufficient data. In 2005, 
Wang et al. [8] presented the idea of interval valued neutrosophic sets. Interval valued neutrosophic 
sets provide a range to experts which makes them more comfortable with making the choice. Jun et al. 
defined the neutrosophic cubic set [9,10]. Neutrosophic cubic sets are a generalization of neutrosophic 
sets and interval neutrosophic sets. They enable us to choose both interval values and single value 
membership. This characteristic of neutrosophic cubic sets enables us to deal with uncertain and vague 
data more efficiently. 

Decision making is one of the most important factors in scienceand day-to-day life as well. 
Aggregation operators are an imperative part of modern decision making. A lack of data or information 
makes it difficult for decision makers to take an appropriatedecision. This uncertain situation can 
be minimized using the vague nature neutrosophic cubic set and its extensions. Neutrosophic cubic 
set (NCs) are a more generalized version of neutrosophic sets (Ns) and interval neutrosophic sets 
(INs). Neutrosophic cubic setsare better placed to express consistent, indeterminate, and inconsistent 
information, which provides a better platform to deal with incomplete, inconsistent, and vague data. 
Aggregation operators have a key role in daily life, science and engineering problems. Zhan et al. [11] 
in their workapplications of neutrosophic cubic sets in multi-criteria decision making in 2017. 
Banerjee et al. [12] usedgrey rational analysis in their workGRA for multi attribute decision making in 
neutrosophic cubic set environment in 2017.Lu and Ye [13] definedcosine measure for neutrosophic 
cubic sets for multiple attribte decision making in 2017. Pramanik et al. [14] defined neutrosophic cubic 
MCGDM method based on similarity measurein 2017. Shi and Ye [15] defined Dombi aggregation 
operators of neutrosophic cubic set for multiple attribute deicision makingin 2018. Baolin et al. [16] 
applied Einstein aggregations onneutrosophic sets in a novel generalized simplified neutrosophic 
number Einstein aggregation operator 2018. Alot of work has been done and is being done by different 
researchers in decision making using neutrosophic cubic sets. 

In this paper, we define algebraic and Einstein sum, multiplication and scalar multiplication, 
score and accuracy functions. Using these operations, we define geometric aggregation operators 
and Einstein geometric aggregation operators. First, we define algebraic and Einstein operators of 
addition, multiplication and scalar multiplication. We then define score and accuracy functions to 
compare neutrosophic cubic values. Following this, we propose a neutrosophic cubic ordered weighted 
geometric operator (NCOWG), neutrosophic cubic Einstein weighted geometric operator (NCEWG), 
and a neutrosophic cubic Einstein ordered weighted geometric operator (NCEOWG) over neutrosophic 
cubic sets. A multi-criteria decision making method is then developed as an application for these 
operators. This method is then applied to a daily life problem. 


2. Preliminaries 


This section consists of two parts: Notations, which consists of notations with their descriptions 
and some previous definitions; and results. We recommend the reader to see [1—3,6-9,16]. 


2.1. Notations 


This section consists of some notations with their descriptions, as shown in Table 1. 
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Table 1. Some notations with their descriptions. 


S.No Notation Description 
1 U Ground set 
2 u Element of ground set (U). 
3 yp Fuzzy set 
7 Interval valued fuzzy set which is an interval of [0,1]. The left 
4 YS |e) Fs extreme " is referred as lower fuzzy and right extreme p" is 
referred as upper fuzzy function. 
5 (Ty, In, Fx) components of neutrosophic sets each one is fuzzy sets. 
= > s The components of interval neutrosophic each one is an interval 
6 (Tw In En ) valued fuzzy set. 
7 ( Ty, In, En, Tn, IN; Fy) The components of neutrosophic cubic set. Referred to 5 and 6. 
8 *,T t-conorm, t-norm 
9 @,® Algebraic sum, product 
10 Oe, SE Einstein sum, product 


2.2. Pre-Defined Definitions 
This section consists of some predefined definitions and results. 


Definition 1 [1]. A mapping p:U — [0,1] is called a fuzzy set, and p(u) is called a membership function, 
simply denoted by w. 


Definition 2 [2,3]. A mapping ¥:U—>D(0,1], where D{0,1| is the interval 
value of [0,1], called the interval valued fuzzy set(IVF). For all u € U ¥(u) = 
{tye (u), p4(u)] |p’ (u), p4(u) € [0,1] and ph (u) < p4(u)} is membership degree of u in ¥. This is 
simply denoted by ¥ = [¥",¥"]. 


Definition 3 [6]. A structure C = { (u,¥(u),¥(u)) |u € u} is a cubic set in U in which ¥(u) is IVE in U, 


that is, ¥ = [ee re] and ¥ is a fuzzy set in U. This can be simply denoted by C = (ey), CY denotes the 
collection of cubic sets in U. 


Definition 4 [7]. A structure N = {(Tn(u),In(u),Fn(u))|u € U} is a neutrosophic set(Ns), where 
{Tn (u), In(u), Fn (u) € [0,1]} are called truth, indeterminacy and falsity functions, respectively.This can be 
simply denoted by N = (Ty, In, Fy). 


Definition 5 [8]. An interval neutrosophic set (INs) in U is a _ structure 
Ns { (Zv(u), iv(u), Ey (u)) lu € u}, where {Ty (u), In (u), E(u) € D(o, 1]} is calledtruth, 
indeterminacy an falsity functionin U, respectively. This can be simply denoted by N = (Ty, Iy, Ey). 
For convenience, we denote N = (Ty, Igy Fy) by N = (Ty = ber Te, iy = be Fe = eed: 


Definition 6 [9]. A structure N = { (u, Tn (u), In(u), Fn (u), Tn (u), In(u), F(u)) |u € u} is 
neutrosophic cubic set(NCs) in U, in which (Tw = |p. Tel Dy = 14), Ex =|25, Fu) is an interval 
neutrosophic set and (Ty, In, Fn) is a neutrosophic set in U. Simply denoted by N = (Tw, In, En, Tn, In, Fy) ; 


[0,0] < Ty + Ty + En < [3,3] and 0 < Ty + In + Fn <3. NU" denotes the collection of neutrosophic cubic 
sets in U. Simply denoted by N = (Ty, In, En, Tn, In, Fy). 


Definition 7 [16]. The t-operators are basically union and intersection operators in the theory of fuzzy sets, 
which are denoted by t-conorm (I*) and t-norm (I), respectively. The role of t-operators is very important in 
fuzzy theory and its applications. 
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Definition 8 [16]. I* : [0,1] x [0,1] — [0,1] is called t-conorm if it satisfies the following axioms: 


Axiom 1. I'*(1,u) = 1 andT*(0,u) = 0; 

Axiom 2. I'* (u,v) =I*(v,u) for all a and b; 

Axiom 3. I*(u,I*(v,w)) =I*(I* (u,v), w) for all a, b and c; 
Axiom 4. Ifu < u! and v < v', thenT*(u,v) < T*(u',0’). 


Most known t-conorms are as follows: 


1. The default t-conorm: I* 


max 
2. The bounded t-conorm: T7j.,,,,q.q(u,) = min(1,u + 0). 


(u,v) = max(u, v). 


* 


3. The algebraic t-conorm: I aleabrais 


(u,v) =u+o0—uv. 


Definition 9 [16]. T : [0,1] x [0,1] — [0,1] is called t-norm if it satisfies the following axioms: 


Axiom 5. T'(1,u) = uandT(0,u) = 0; 

Axiom 6. P(u,v) =I (v,u) for all a and b; 

Axiom 7. ['(u,T(v,w)) =T(T(u,v),w) for all a, b and c; 
Axiom 8. [fu < u! and v < v', thenT (u,v) <T(u',v’). 


Most well known t-norms are as follows: 


1. The default t-norm: Tmin(u, v) = min(u, v). 
The bounded t-norm: Vpounded(U, 0) = max(0,u +0 —1). 
3. The algebraic t-norm: Vyigenraic(u, 0) = U0. 


If I* (u,v), (u,v) are continuous and I*(u,u) > u,T(u,u) < u, then I* and I are said to be 
Archimedes t-conorm and t-norm, respectively. Any pair of dual t-conorm (I*) and t-norm (I) is used. 
It is known that t-norms and t-conorms operators satisfy the condition of conjunction and disjunction 
operators, respectively. However, the algebraic operations, like algebraic sum and product, are not 
unique and may correspond to union and intersection. The t-conorms and t-norms families have 
a vast range, which corresponds to unions and intersections. Among these, the Einstein sum and 
Einstein product are good choices since they give the smooth approximation like algebraic sum and 
algebraic product, respectively. Einstein sum @¢ and Einstein product @¢ are examples of t-conorm 
and t-norm, respectively: 


ut+v 
Té(u,v) = 
E(u a 1+ uv 
Tg(u,v) = = 


1+(1—u)(1—0) 

Group decision making is an important aspect of decision making theory. We are often in 
situationsin which we have to deal with more then one expert, attribute and alternative. Motivated 
by such situations, a multi-attribute decision making method for more then one expert is proposed. 
on neutrosophic cubic aggregation operators.This whole work consisted of six sections. In Section 3, 
we define some algebraicEinstein operations and score and accuracy functions, along with some 
important results and examples. On the basis of these definitions and results, we define geometric 
and Einstein geometric aggregation operators on neutrosophic cubic sets in Section 4. In Section 5, 
an algorithm is proposed based on neutrosophic cubic geometric and Einstein geometric aggregation 
operators to deal with multi-attribute decision making problems. In the final section, a numerical 
example from daily life is presented as an application of the work. 


3. Operations on Neutrosophic Cubic Sets 


In this section, we introduce some new operations on neutrosophic cubic sets which are further 
used in the article. 


Symmetry 2019, 11, 247 5 of 24 


3.1. Algebraic Addition, Multiplication and Scalar Multiplication 


We introduce the algebraic addition, multiplication, and scalar multiplication on neutrosophic 
cubic sets(NCs). An important result of exponential multlipliction is established on the basis of these 
defintions, which provides the basis to define neutrosophic cubic geometric aggregation operators. 


Definition 10. The sum of two neutrosophic cubic sets(NCs), A = (Ta,Ts, Fa: ta, I4,Fa), where Ta = 
(re TY] T, = [14,14], Fa = [FEY], and B = (To, Ip,Fe, Tp, Tx, Fa), where Ts = [Th TH], Tp = 
(15, 1), Fp = (FE, FU is defined as 
nL aa a a 
[14 + Iz - Tan, ta + Ip —IITg |, 
[FaFR, FA Fp |, 
TaTp, Ialp, Fa + Fp — FaFp 


A®B= 


Definition 11. The product between two neutrosophic cubic sets (NCs), A = (Ta, pase Ta,la, a) 
where T, = ere ere = ewes baer =" |FEEY) and B= (Te, Is, Fe, Te, In, Fe), where Tg = 
[re Te da = [te | Fe = [PY EY | isdefined as 
L7rL P~uyu 
ae an 
eagle aie 
Lat bp PAba ee ie eae e |) 
Ta + Tg — TaTp, 1, + Ip — IaIp, FaFp 


AS®B= 


Definition 12. The scalar multiplication on a neutrosophic cubic set (NCs), A = (Ta, Ta; Fa, Ta,la, Fa) ; 


where T, = ereerae I, = keraeue F,= (FE, FY, and a Scalar k is defined as 


1-(1-Th)1-@a-T¥)"), 

wee BS) 8 0-1) | 
ee, 

(Ta)*, (la)*,1- (1 - Fa)* 


The following result is established to deal with the exponential multiplication on neutrosophic 
cubic values. This result enables us to define geometric aggregation operators along some important 
results on neutrosophic cubic sets. 


Theorem 1. Let A = (T4,14,F4,Ta,1,4,F,4), where T, = are eae = cere caine = FE FY |bea 
neutrosophic cubic value, then the exponential operation can be defined by 
(Ty 


) 

ies: (1k) 
ja - (1— FH) 1- (1-F¥)*], 

4S = de) ey 


where AK = A @ A®,...@ A(k — times), and A* is a neutrosophic cubic value for every positive value of k. 
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Proof. We prove the theorem by mathematical induction, as the k = 1, A! = A result holds.We assume 
that for k = m the result is true: 
Cy eat | 
Goa" |, 
a-(a— Fy" 1-0 - FY"), 
Peta) elle tay AEA? 


At = 


That is A” is neutrosophic cubic value. We prove that for k = m+ 1 is also neutrosophic 
cubic value. 


Since 
hee (TA a (rk), (TY)], 
4 CORO s Kecenee ele 
A" QA= 
ee [a — (1- FR)", 1- (1-FH)"], P) TFL FEL, 
Ta,14,Fa 


bailed a) iia eae 

Gy ayer 

aay aye, 

[a— (4 F a)" + Fk (1-0 FA)” ) FAT (1 FY)” + PY (1 (1 FY)” FY], 

i= (=) 1 Cy) alt= yy i 1S 0 Sa Ea 
T 


(Ty reyes, 
= (1h 


yee 
fae Cet 
m m m m 
a—(1— Fa)" + PEE + (1—F)"PE A (1- FY)" + FY PY + (1 FY) FY, 
ta Oa ety ta (bata a ee aK ee Sa ea 


Cy ae, 
= Coa ae 
_ i 


a-(a eee es 


, 


oe 
est ; Tuym+ : 


( 
( 
( 

[2- (1-FA)"(- ae 
PAS ed ST SO Say ea 
( 

( 

1 


4: 41 
ere A= (1 FE)", 
Dare A= (a) eae 

_ Amt, 


3.2. Einstein Addition, Multiplication and Scalar Multiplication 


Taking into account the dual t-conorm (I*) and t-norm (I), the Einstein operations of union, 
intersection, addition, multiplication and scalar multiplication are defined on the neutrosophic cubic 
sets.An important result of Einstein exponential multlipliction is established on the basis of these 
defintions, which provides the base with which to define neutrosophic cubic Einstein geometric 
aggregation operators. 
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Definition 13. The Einstein union between two neutrosophic cubic sets (NCs), A = (Ta, Lay Eas Talay Fa) 
where Th = [Ee sera pee = Ree aes = ieesae and B = (Ts, In, Fe, Tp, In, Fp) where Ts = 
(Te, TH, tp = [15,12], Fe = [FE FY] is defined as 


AVB= (T(t. Teh r{is, ip},T*{Fa,Fe},T*{Ta,Te},0*{Ia, In}. T (Fa, Fo} ) 


Definition 14. The Einstein intersection between two neutrosophic cubic sets(NCS), A = 
(Tala, Fs,TarlarFa), where Te = [Th TY) I, = [Kh g]Fe = [FA EY] and B = 
(Te, Ie, Fe, Tp, Ip, Fe), where Tp = ee TY], Ip = IE, 2), Fp = [Ee Ee| is defined as 


AAB= (U*{ Ta, Te} 0" {Tate} 1 {Fs Fe} 14 Ta, Te} T Ua, Ip},T*{Fa,Fe}). 


On the basis of Einstein union and intersection the Einstein sum and product is defined over 
neutrosophic cubic values. 


Definition 15. The Einstein sum between two neutrosophic cubic sets (NCS), A = (Ta, la, Fy, Ta,la, Fa), 
where TA = ere Th ,tA = [es 12 |,Fe = Rsveord and B = (Te, In, Fe, Tp, In, Fe), where Tp = 
[re Te) ip = [gE | Fa = (ER, FY |i defined as 


Th+Th Te+Ty 
14-ThTE’ 1479 TH |” 
+k U+qh 
1+IG IR 1410 TE |” 


A@®eB= 


Upu 
FAR Far R 
1+(1—F4)(1-Ff)’ 1+(1-F 4) (1-FE) 
TaTp Talp Fa+Fp 
1+(1-T,)(1—Tg)’ 1+(1—I,)(0—Ig)’ 1+FaFp 


Definition 16. The Einstein product between two neutrosophic cubic sets (NCS), A = 
(TaTsEs-Ta,tarFa), where Ty = [ThTY,T, = [Kh T)Fe = [FA PY] and B = 
(Te, ie Es Tp, Ip, Fe), where Ts = eae TY), Tp = bese 0), Fp = (Ee ee | is defined as 


| TATE TATE | 
1+(1-Th)(1—Tg)” 1+(1-TH) (1-Tp) |” 
Til Tal 
A®@eB= Ls 1h) (4-18)? 140-14) (1-1) |” 
Fi 4 ph ae] 
B 


1+FRFR’ 1+ FG FE 
Tat+Tg Ia+lp Fa 
1+T,Tp’ 1+I4Ip’ 14(1—F4)(1—Fp) 


Definition 17. The scalar multiplication on a neutrosophic cubic set(NCS), A = (Ta, Tay Fa, Ta,la, Fa) ; 


where T, = [Ee Te | A= [te ae F,= [Fa ae ,and scalar k is defined as 
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k 


[ea Te oti] 
+The ark)” 474k rey |’ 
(4r4)*—-(—1)* (a4) 
eee ae : 
| 2(F4)* at): 
(2-Fa) +(F)” (2-FH) +R) 
2(Ta)* 2(Ia) (1+F4)*—(1—Fa)* 
(2—Ta)§+(Ta)*” (2-Ia)8+ la)” (14Fa)*+(1-Fa)* 


8 of 24 


After defining the scalar multiplication over the neutrosophic cubic set, we established the 
following result, which deals with the Einstein exponential multiplication on neutrosophic cubic 
values. This result enabled us to define Einstein geometric aggregation operators along with some 


important results on neutrosophic cubic sets. 


Theorem 2. Let A = (Ta,Ts, Fa, Talay Fa), where Ta = eres = bees = [Ere hea 


neutrosophic cubic value, then the exponential operation defined by 


2(T5)k 2(TY)k 
2(=Th) + (TkYY” (2-TY)F 4 (TY) |” 
2(ri)* 2c) 
(2-TkyF + (rey” (2= 14) ce 
(+Fb)*—(a—Fby* (a+F4)*—a—Fuy* 
(+E) + (1- Fa)” (14 FY) 4 Fe)" |’ 
(1+T4)"-G=Ta)* (1+J4)*-G-I4) 2(Ea)* 
(1+T4)*+(1-Ta)*” (14+14)§ +I)” (2-Fa)*+(Fa)* 


‘ali 


where AE = A @pA@e...@g Alk — times), moreover AF isa neutrosophic cubic value for every positive 


value of k. 


Proof. We prove the theorem by mathematical induction. For k = 1 


| 2(Tk) 2(TY) 
(2-TA)+(TA)’ (2-TH)+(TR) |’ 
| 2(14) 2(14) | 
(2-15) +15)" (2-14) + (14) |’ 
14+FL)—(1-F5) eal 
F 


AF= 


y 


—_——I1 
—~|— 


14+FE)+(1-F5)’ (1+F9)+(1-FY) 


(1+T4)-(1-Ta) (1+I4)-(1-I,) 2(Fa) 
(1+T4)+(1-Tg)’ (+14) +(1-I4)’ (2-Fa)+(Fa) 


We observe that the components Te. Rae I ve ee Fx are of the form mares 
(1+y)—(1-y) 
of the form (i+y) tC =)’ hares 
= 2. na NAY AES, 
For all x,y € [0,1], clearly x (meee and y (ity\F(l=y) 
Hence AF is neutrosophic cubic value. 
Assuming k = m is a neutrosophic cubic value i.e., 
2(T4)" 2(T4)" 
Oat Fy) QT) aye |" 
24)" 24)" 
fs (2-H) +A)” (2-14) +) 


(+Ta) 


— 


1+Fh)"—(1—-Fk)™ (1+F9)"—(1—-FY)" 


1+FE)"4(1-Fk)"” (14 


— 


PFU)" 4 (1-FY)™ y 


"—(1-Ta)" (1+I4)"-(-I4)" 2(Fa)”™ 


(1+T, 


y"+(1-Ta)™” (14I4)"+(1-I4)"% (2—Fa)" +(Fa)”™ 


,and FE, FY, T,, I, are 
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KH ; : 
is a neutrosophic cubic value. Then we prove A’ is neutrosophic cubic value. 


Consider, 
2(TK)™ acrdym 2(TK) 2(TH) 
(2-ThY" +(TRY"* (2-TH)" + (TY) |? (2-Th)+(Th)’ (2-TH)+ (TY) |’ 
2(rk ym rey 2(rk)! acu)! 

AE” @p AE = (2- ae +(4 a ray ey” |” ge (2-1) +04)’ (2-1) +) |’ 
(+FK)"-C- FA (+H) —G—Fe)” (+FR)—(1-FK) (4+ FY)-(-F a) 
(14+FK)" +(1-FR)™” (1+ FY)" +1 FY)” |” (1+F5)+(1—-FK)’ Q+F9)+(1-FY) | 

(144+T,)"—(1-Ta)™ (141 4)"—(1-Iy)" 2(Fa)" (1+T4)-(1=-Ta) (1+I4)-(-Ia) 2(Fa) 
(14T 4)" +(1—Ta)™’ (t1,4)™4+(1—1,)™’ (Q—Fa)™ +(Ea)™ (T4T,4)+(1—Ta)’ (41,4) +(1-I,)’ 2—Fa)+(Fa) 
+1 +1 
re cay 
((2 Eat) )(@-Th) +75) (e-ma"+(74) )(@-TH +74) 
(IEG) Ry 7 a eG ee (ee 
(2—rh)"+(7h) (2-Th)+7h (2—TH)"+ (rH) (2-TY) +74 
4 ih m+1 a(e)™ 1 
((2-14)" +(15)") (2-1) +14) ((2-14)™ ity) (2-14)+14) 


- 
= ) ™—(-Fu)™ a+EY)—(—FY) 

~ +Fhy™4a—Fhy™ J" \ G+ER)+a-Fk ate" 4k) +FY)+(1-FY) 
m 


((2—F4)™+(Fa)™ ) ((2—F4)+Fa) 


2(Fa)™ 2F A 
1+(1 (2-F4)"+(F4)™ (1 rin; ) 


| a(ry ary" | 
(2-T4)"+ (TH) ) ((@-Th)+TA) (ey GA) esa) 
r ee a) (aaa) a (=e ry)" eG i =f) ne (2-14) +74 — =) | 
ery a(t)" (2-75) +TE (Ty + (ru)™ 2-1) +70 
a(1h m+1 a(14 m+1 
(2-1 y"+(14) ") (2-14) +14) 2-14)" +14 ") (2-14) +14) 
I 


re Garces aD) (aaa) 7s (se al) (Sa) ‘ 
( ) 


a-ak "+(h)" (2-15) 415 oy" +A)" (2-14) 410 
((1+F4) -(1-F%) )((a+Fk)+(a-Fh))+(( FLY" (1-Fh) ) (a+Fa)-(-F4)) 
(+R) +0-Fh)") (+F4)+0-F4)) 
(CEE AUR CACHE EGET NYE C7 MAREN CT C9 YC Cl 
(+R A) +0-FA)" ) (+E R)+(-FA)) 
= ((1+84)"-( FuY") (a Fu +(1-FY) )+( (1484) "+ (a-FZ)") (ate) -(1-F¥)) i 
- (ae) +P”) (+r) +0-FY)) 
F + 
((a+FY)"+(1 PUY") (+r) + tee) Ge aac ac ryy™ 
(I+FA) +(1-F7) (1+F4 )+C—-Fy ) 
((a+7,)" "(1 T,)™)( : . m 


(G74) 0=T4)") (G4T4)+0-T,)) 

((4+T4)"+(1-Ta)™) ((14T 4) +(1-Ta)) + (1474) (1474) (1-Ta)—(1-T a) (14 T4) +(1-TA 
(+7 4)"+0-T,4)™)((1+T4)+(1-Ta)) 

(+14 )"—(1-14)™) (4414) + (1-1) + (4) +14 )") (414) (0-1 A)) 

(+I 4)" +0-14)™) (+14 )+(1-1,)) 

((1+t4)™+(1-14)"") (1414) + (11a) + (41a) = (1414) (1-14) (1-14) (14a) Hla tt 
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2-14)" +(7¥)") (2-TY)+1Y) 
a(t 
(21h) +(14)") (2-14) +14) 
DT 9) C(O DAD) 
2-14)" +(14)" ) (1H) +14) 
i myn , 


( H(H)”) ) 

(1+ Fa)" + (1+ FS)" (1 — Fh) — (1 Fk)" (1+ Fh) — (1 FA) + 

(1+ Fa)" — (1+ FE)" (1 — Fh) + ( ( 

ee (1+ Fa)" + (1 +FK)"(1— Fh) — (1 Fk)" (1+ Fk) + (1 FAY + 

(1+ Fa)" — (1+ FE)" (1— Fh) + (1 — FA)" (1+ Fk) + (1 FA)" 

LRU Oa Puy (Dee pea Oe Rye |" 
GQ+ FY)" — (1+ FY)" (a — FY) + (1 FY)" + FY) — (AF 

(V+ PE" + (14 FE)" (1 — FY) - (1 — FY)" (1 + FY) + (1 FY + 
( 
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i 
ee = (tee aR) ak) arg) See 


tay Pye Sh Ae Sly 
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aCe 
(2 Th)" 4 TED Thy" +(TE)y" Th" (2 Th)+((2 Thy" Th (2 Th)"+ (Th) (Tk) (2-Th)) ” 
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(2 Tuy" ty pug ruy" -(TYy" prim (2 TH) +(( quyyt Tu (2 TY) (rey (re)"(2 Tey) 
4th 
(2-14) (2-4 (a) (2-15) + (2-1) 2-14 (a) (A) (2-8) 
4 I) m+1 , 
a) 
= 2 uy" tts u(y rly” (myn 14m ( 2 (2-14) +((2 : yt 42 ry)” myn (14)" (2 14) 
m+1 


2((14Fi)"—(1—Fhy""") 
2((1+F4) o i= FE ee 2 
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(2 E,)"* +E, (2 F,)™ (E,)"*! -F™ (2 F,) ((2 E,)™*1 E,(2 E,)”" (Ey (F,)"(2 Fa) 
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a(Thy" ary 
2( ((2- Thy + (Thy)! 2(2-Tey (Ty) , 
a(r)"*? a(ray"* 


- 


2 (2— my (ay) 2(@ m0" a)" ) y 
HFA) -(1-Fa)"™) ((i+eyy"" —(1-Fyy"™ 
14Fh)" +(1-FK) ((+FY)"* Ce ads 


y 


a Nea 
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( 
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A(F,)™tt 
2( (2—-Fa)"*74+(Fa)"™) 


a(rky"*t a(ryy"*! | 

(Gry ay) (2 Sper, +(TH)") 
a(t 2(rey" 
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Which shows that k = m + 1 is a neutrosophic cubic value. 


3.3. Score and Accuracy Function of Neutrosophic Cubic Set 


For the comparison of two neutrosophic values, the score and accuracy function are defined. 
The score function is used tocompare two neutrosophic cubic values; sometimes the score of 
two neutrosophic cubic values becomes equal, although they have different components of truth, 
indeterminancy and falsity functions. This situation can be overcome by the help of an accuracy 
function. The following definition, along with examples, providesa better view of understanding to 
the reader. 


Definition 18. Let N = (Tw, Tee Bes Taig Fx), where Ty = [T4,TY],in = [14,14], Fu = (FE, EY], 
be a neutrosophic cubic value and we define the score function as 


S(N) = [Th — Far + TN — FN + Tw - Fr 


Sometimes the situation arises that the score of two neutrosophic cubic values are equal. In sucha 
situation, a comparison is made on the basis of an accuracy function. 


Definition 19. Let N = (Tw, feces e ine: Fx), where Ty = [T4, TY], in = (th, 14), Fy = (FE, EY], 
be a neutrosophic cubic value, the accuracy function is defined as 


1 
9 


H(u) = 5 {Th + IN + EN + TN TIN + FN + Tw + In + Fy} 
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The following definition is accomplished for the comparison relation of the neutrosophic 
cubic values. 


Definition 20. Let Nj and N2 be two neutrosophic cubic values, where Sn, and Sn, are scores and Hy, and 
Hn, are accuracy functions of Ny and No, respectively. 


1. If Sn, > Sn, > Ny > No 
2: If Sn, = Sn, and An, > Hn, => Ny > No An, = Hn, > N, = No 


Example 1. Let N; =  ((0.5,0.9][0.6,0.9][0.1,0.4],0.3,0.4,0.4) and Nz. = 
([0.2, 0.8] [0.5, 0.9} [0.4, 0.8], 0.4, 0.45, 0.8) be two neutrosophic sets. 
Then 


SN, = 0.8, and SN» = —0.6 
Sn, > Sn, = Ny > No 


In the following example the score funtions are equal, so accuracy functions are used to compare 
neutrosophic cubic values. 


Example 2. Let N, =  ((0.4,0.9][0.5,0.8][0.1,0.7],0.4,0.5,0.8) and Nr = 
([0.4, 0.6] [0.5, 0.9] [0.6, 0.7], 0.7,0.5, 0.3) be two neutrosophic sets. 


Sy, =0.1,Sn, = 01 


SN, = SN, =>N, = No 
Hy, = 0.566, Hy, = 0.577 


An, << An, =>N,<No 


4. Neutrosophic Cubic Geometric and Einstein Geometric Aggregation Operators 


In this section, we introduce the concept of neutrosophic cubic geometric aggregation operators 
and neutrosophic cubic Einstein geometric aggregation operators. 

This section consists of two sub-sections: In Section 4.1, the neutrosophic cubic geometric 
aggregation operators are defined on the basis of Section 3.1; and in Section 4.2, the neutrosophic cubic 
Einstein geometric aggregation operators are defined on the basis of Section 3.2. 


4.1. Neutrosophic Cubic Weighted Geometric Aggregation Operator 


We define neutrosophic cubic geometric aggregation operators using Section 3.1. 


Definition 21. We define the neutrosophic cubic weighted geometric operator(NCWG) as 


NCWG : R™ + R defined by NCWG(N1,No,..-,Nm) = & Ns" 
j=l 
where the weight W = (wy ,W2,...,Wm)! of corresponding neutrosophic cubic values is such that each 
m 
w; € [0,1] and Yw; = 1. 
j=l 


In NCWG, the neutrosophic cubic values are first weighted then aggregated. 
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Definition 22. We define the neutrosophic cubic ordered weighted geometric operator(NCOWG) as 


NCOWG : R" — R defined by NCOWGw (Ni, No,-..,Nm) = @ No) 
jal Yj 


where Ny), are descending ordered neutrosophic cubic values, and the weight W = (w1,W2,.-.,Wm)! of 


m 
corresponding neutrosophic cubic values Nj(j = 1,2,3,...,1) is such that each w; € [0,1] and iw; = 1. 
j=l 


In NCOWG, the neutrosophic cubic values are first arranged in decending order, weighted and 
then aggregated. 
Theorem 3. Let Nj — (Try, Ix, Fy, Tyj, Inj, Fy,), where Ty, = Tk. TY | F Iv, = [1k i , Fy, = 


[Fe FR] (j = 1,2,...,n) are a collection of neutrosophic cubic values, then neutrosophic cubic weighted 


geometric(NCWG) operator of N; is also a neutrosophic cubic value and 


T(rs) (TR) 
m w; m Ww; 
NCWG(Nj) = HG) i m1() 
1-T1 1—F)"1- 11 a= Ap" 
j=l j=l j 
a ae ee 


m 
where the weight W = (wy, W2,...,Wm)" of Nj(j = 1,2,3,...,m) such that w; € [0,1] and Dw; = 1. 
j=l 


Proof. By mathematical induction for m = 2, using 


2 ‘ 
Q Nv = Nz" Q Ns? 
ae 


= 
yy 
<a 
Rae 
a 
S 
= 
os 
Lael 
Za 
— 
= 
Nn 
= 


J 


rae ee 
cu y™|, 


PPE Be Gea)" a-@-8)") 
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For m = n, we have 


n 
Thee) Te) 
j=l = 
n 2 n 
. TG). GR) | 
& Nj" = pal oes. Jas 
j=l n Wj n Wj 
tea ir u 
11 ( Ki) : x Gs | 
Wj n Wj n Wj 
1 - 710 -Ty,) "1 - 710 — In,) T(x) 


We prove the result holds form =n +1, 


(ak uae @e8 yen], 


Wi : 
ty lk) ae], 
N. = j+1 j+1 
n+1 1 1— FL Wn+1 1 1— Fu Wn41 
t- 0 -FRa) 1-0) 
Wn+1 Wn+1 
1— (1 — TNs) ance (1 — Lica) hts (Fy)? 
® Nv a Neat 
j=l J n+1 
n Le n U2; 
PL (TK) TO)", 
= = a 
a L vw - a [ (TK) (TH yee], 
j j ; : 
7 a (In,) 7 TT Un,) F - [Res yee, 
~ , if Wnt u Wry 
1=fi(t—ah)”.fh(08)"] b= (ak Janta) 
i ; é = n 0 1= (1 i {sree piaiae a _ (1 = In)", (En, i) sca 
1=T1(1=Ty,) “1=TL(=Iy,)  T1(By) 


j=l j=l 
us in Wj L Wm. uU Wj U Wm+1 
TC) "(Ha)" 
age se sae 
j=l 
= _ BFL y% = and JUL Wm+1 
(: _ c EN,) } (1 (1 Frnt) ), 
1 Mt Cai) Hea 
JF 
n+1 Ww; n 
N.? = = — py _ U Omn+1 
of (: it (1 — Fu) (1 Geet acre ae ) 
i a; Wn 
1 m(1 Ty,) +1 =(1= Tyg)" 
= _ os] os = Wm4+1 
(: I1(1-Tw) Ie (=Th.)) 


1 (1 In,) +1 (1 ig 
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n+1 . n ' 
2 1 (1 FR) 14 II (1 Ex)” PO=Fe 
i= i= 
= I a FX)" (i= Oo ase 
T= 
n+1 ; n+1 ; , 
2 FE) Sarl te ee jen 
j=l : j=l ’ 
n ; 
; -(fo-Ap”)a-Ay 
J= 
n+1 Be n sy. ae 
- IT (1 Ty;) : | pte Ty;) fo ChE Nees) et 
i= i= 
n 
-(fha-my" Jo Ty..." 
J= 
n+1 oF n on gies 
2= Th sty) 14 TT Gig) 60 = I) 
j= j= 
n 
(fern) seat 
J= 
n+1 qj 
TI ™) 
TL (rk ie TT (ru)” 
J=1 a "jai es 
n+1 w; n+l w 
fe fe \ 2 
11 (1k;) TI (1K) : 
n+1 W; +1 
= _ _ EL i _ pu) ) 
mt Fi) Td mt Fu) | 
+ Wj n+ j 
eS IT (1- Tw) eeu (Q-Iny) 


Theorem 4. Let Nj = (Try Tay, Ey, Try Ene Er, )> where Ty, = Th, TH | In, = [ik AN Fx = 
Fi. FY , (j =1,2,...,m) is a collection of neutrosophic cubic values The weight W = (wy, W2,...,Wm)" 
m 
of Nj(j = 1,2,3,...,mt), be such that w; € [0,1] and Y)w; = 1. 
j=l 
1.  Idempotency: If for all Nj = (Tay Bry, Ey, Typ In Fr; where Ty, = Tk i F 


Iv, = kK | En, = [FR FL], (j = 1,2,...,m) are equal, that is, N; = N for all k, then NCW 
Gw(Ny,No,...,Nm) = N 


2. Monotonicity: Let By = (To), To, Fo), Ta,, 15), Fe, where Tp, = TE, TH]. 


Tp, = [1,18] Fe, - [FE Fe] (j = 1,2,...,m) is the collection of neutrosophic cubic values. 
If Sp, (u) > Sy; (u) and Bj(u) > N;(u) then NCWGa (Nj, No,...,Nm) < NCWGw(By, Bo,..-, Bin). 
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3. Boundary: N~ < NCWGw{(N1)7,(N2)7,---/ (Nm) } < N*, where 
— _ . iL . L L . . ve a . L 
N7- = {min Tyjrmin Ix,71 _ mex ty) un Tyyj-min Inj _ max ty) in ENann Iyj71 _ mar Fb 
Nt = ¢ max TN, ,max IN, yl- min Fy, 7 MAX Ty;,max Inj, 1—min Fy;,maxTy,,maxIy,, 1- nits 
j j j j j i j 
j j 
Proof. 
1. Idempotent: Since N; = N, so 
RR eee are Be a 
j=l j=l 
m om 
TT iy)", TN)" | 
NCWG(N)) = Jot fh 
it WwW W; 
1-11 (1 —Fk)",1- 11. - FR)", 
j=l j=l 
m m m ; 
—]f] (1 _ Egy 1—- Il (1 _ In)”, II (Fy) 
es i i- 
Ye w; yw; 
(THY TL, 
lew i) 
L ae U = my 
1 (=F, 
Pw Loy Ly, 
1—- (1 = Ty) ,l- (1 = In) 5 (Fy)? 
Ty, In, Fy, Tn, In, Fn 
2. Monotonicity: Since NCOWG is strictly monotone function. 
3. Boundary: Let u = minN~ and y = maxNt, then by monotonicity we have 


u < NCOWA(N;) < y= N~ < NCOWG(N;) < Nt. 


Theorem 5. Let Nj — Sey whereTy, = Th TH Ty, = ERS ale Fy, = 


[FR FR ar (j = 1,2,...,n) be the collection of neutrosophic cubic values and W = (wy ,W2,... 


m 
the weight of the NCOWG, with w; € [0,1] and iw; = 1. 
j=l 
1. If W= (1,0,...,0)", then NCOWG(Nj, No,..-, Nn) = maxN; 
2. If W= (0,0,...,1)", then NCOWG(Nj, No,...,Nn) = minN; 


3. If wj =1, w, =0, andj #1, then NCOWG(Nj, No,..-,Nn) = Nj 


where N; is the jth largest of (Ny, No,...,Nn). 


Proof. Since in NCOWG the neutrosophic values are ordered in descending order. 


Wn)? is 
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4.2. Neutrosophic Cubic Einstein Weighted Geometric Aggregation Operator 


We define neutrosophic cubic Einstein geometric aggregation operators using Section 3.2. 


Definition 23. The neutrosophic cubic Einstein weighted geometric operator(NCEWA) is defined as 
W; 
NCEWG: R™ - R, defined by NCEWGw (Ni, No,...,Nm) = ® (nF) 
j=l 
where, W = (W1,W2,...,Wm)! is the weight of Njj = 1,2,3,...,m), such that w; € [0,1] and 
m 


j=l 


That is, first all the neutrosophic values are weighted then aggregated using Einstein operations. 


Definition 24. Order neutrosophic cubic Einstein weighted geometric operator(NCEOWG) is defined as 
NCEOWG : R™ —+ R by NCEOWG (Nj, No,---,Nm) = (a) 
j=l 
where Bj is the jth largest, W = (wy ,W2,... Mil is the weight of Ni(j = 1,2,3,...,m), such that 
m 
w; € [0,1] and iw; = 1. 


jel 


That is, first all the neutrosophic values are ordered and then weighted, after ordering weighted 
values are aggregated using Einstein operations.The fundamental concept of ordered weighted 
operators is to rearrange the neutrosophic cubic values in descending order. 


oe nn oe a) Tr = L u | 7, — L yu 
Theorem 6. Let Nj = (Tn, iy, Ey,, Tj. Lny, Fy,), where Ty, = Tk TY | ae = Le a ; 
Fy, = [Fk Fu] ,(j =1,2,...,m) is a collection of neutrosophic cubic values, then their Einstein weighted 
geometric aggregated value by NCEWG operator is also a neutrosophic cubic value, and 
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where W = (w1,W2,...,Wm)! is the weight vector of Nj(j = 1,2,3,...,m), such that w; € [0,1] and 


m 
j=l 
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Proof. We use mathematical induction to prove this result, for m = 2, using definition (Einstein sum 
and Einstein scalar multiplication). 
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form=n 


Ne WwW. 
(1+Ty,.,) "+1-(1-Tn,,,) "1 


L Wy L w. 
C+FN yy) aon EN ey) 


We prove the result holds form =n+1 
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20 of 24 
+1 w; +1 w; 
2TT (74,) : 2TT Ga A 
jal\ J jal\ J 
n+1 Lo ee sot WPF atl Ay JEL cae 
Rea) Atay” Hea) ae) 
j=l J j=l J j=l J j=l J. 
+1 W; +1 Ww; 
; Hs) mi(H) | 
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n+1 w; n+l w;, ntl w, n+l WwW; 
4 i _ j de ies _ j 
m( Ty;) m( Ty;) I (1 Iy;) m( Iy;) 
n+1 w; n+l w;’ n+l w;, n+l w,7 
4 j ¥ j 7 j " j 
m( Ty;) +m( Ty;) I (1 Iy;) +m(1 Iy,) 
2'TT (F w; 
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n+1 w, nt w 
= j j 
nQ Fy;) gee (Fy) 
so result holds for all values of m. 
‘ = rT FF au =a L U 
Theorem 7. LetN; = (Ty Bay, Ey, Try Ene Er, ) where Ty, = Th THI, 
Ty, = [1K AM. Evy, = FR FR, (j = 1,2,...,m) is a collection of neutrosophic cubic values and 
py aes 
m 
a T . . ye . ae 
W = (W1,W2,...,Wm)* is a weight vector of Nj(j = 1,2,3,...,m), withw; € [0,1] and Yw; = 1. 
j=1 
1. Idempotency: If for all Ni = (Tryp Bry, Ey, Try, ny En, ), where Ty, = there, 


Iy, = [i AK |, Ey = [FR FEI, (Gj = 1,2,...,m) are equal, that is, N; = N for all k, then 
NCEWGa (Nj, No,...,Nm) = N 

2. Monotonicity: Let Bj = (To, 1s,, Fo,-Tp,,1n,, Fe, ), where Tp, = [TE TH], 
Tp, 1 [15 ti Fe, = [FR Fe (j =1,2,...,m) be the collection of cubic values. If Sg(u) > Sn(u) 
and B;(w) > N;j(w) then NCW Gw(Ny,No,...,Nm) < NCWGyp(B1, Bo, --,Bm) 

3. Boundary: N~ < NCWGw{(N1)7,(No2)7,---/ (Nin) p} < N*, where 


a a re a ae 24 L 
N= { mint, mint, 1 tnekt SUN aN maxFi, b 


Nt = 4 maxTU, maxIU 1 — minFU, maxTy,, maxly,, 1 — minEy, 
Pe gene we et, spas ited 


Proof. Followed by Theorem 2. 


= T TF rT = L Uu 
Theorem 8. Let Nj = (Tay Lay Eye Try Ene Er) where Ty, = Th, Te, 
ly, = [i TK] Ey = [FE FEI, (j = 1,2,...,m) be a collection of neutrosophic cubic values and 


m 
W = (w1,W2,...,Wm)' is a weight vector of the NCOWA, with w; € [0,1] and Yw; = 1. 
j=l 
1. If w= (1,0,...,0)", then NCEOWG (Nj,Np,...,Nin) = max N; 
2. If w(0,0,...,1)", then NCEOWG (Nj,Np,...,Nm) = minN; 
3. Ifw;) =1, w; = 0, and j # j, then NCEOWG (Nj, No,...,Nm) = N; 
where N; is the jth largest of (N1,No,...,Nm). 
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Proof. Followed by Theorem 3. 


5. An Application of Neutrosophic cubic Geometric and Einstein Geometric Aggregation 
Operator to Group Decision Making Problems 


Group decision making is an important factor of decision making theory. We are often in a 
situation with more then one expert, attribute and alternative to deal with. Motivated by such 
situations, a multi-attribute decision making method for more then one expert is proposed in 
this section. 

In this section, we develop an algorithm for group decision making problems using the geometric 
and Einstein geometric aggregations (NCWG and NCEWG) under the neutrosophic cubic environment. 


Algorithm. Let F = {F,,hy,...,F,} be the set of n alternatives, H = {Hy,Hbo,...,Hm} be the m 
m 

attributes subject to their corresponding weight W = {w1,W2,...,Wm} such that w; € [0,1] and Y) w; = 1, 
j=1 


and D = {Dj,D>,...D;} be the r decision makers with their corresponding weight V = {v1,02,...,Ur}. 
r 
such that v; € [0,1] and ¥; vj = 1 The method has the following steps: 
j=l 


Step1. First, we construct neutrosophic cubic decision matrices for each decision maker 
p&) = [Ni] (s=1,2,...,7). 

Step2. All decision matrices are aggregated to a single matrix consisting of m attributes, by NCWG and 
NCEWG corresponding to the weight assigned to the decision maker. 

Step3. By using aggregation operators like NCWG and NCEWG, the decision matrix is aggregated by the 
weight assigned to the m attributes. 

Step4. The n alternatives are ranked according to their scores and arranged in descending order to select 
the alternative with highest score. 


6. Application 


Mobile companies play a vital role in Pakistan’s stock market. The performance of these companies 
affects resources of capital market and have become a common concern of shareholders, government 
authorities, creditors and other stakeholders. In this example, an investor company wants to invest 
his capital levy in listed companies. They acquire two types of experts: Attorney and market maker. 
The attorney is acquired to look at the legal matters and the market maker is aquired to provide his 
expertise in capital market matters. Data are collected on the basis of stock market analysis and growth 
in different areas. Let the listed mobile companies be (x,) Zong, (x2) Jazz, (x3) Telenor and (x4) 
Ufone, which have higher ratios of earnings than the others available in the market, from the three 
alternatives of (A,) stock market trends, (Az) policy directions and (A3) the annual performance. 
The two experts evaluated the mobile companies (ey) j=1,2,3, 4) with respect to the corresponding 
attributes (Aj;,i = 1,2,3), and proposed their decision making matrices consisting of neutrosophic 
cubic values in Equation (1) and Equation (2). The Equation (3) represents the single matrix as the 
aggregation of Equtional and Equation (2) by NCWG or NCEWG. The Equation (4) is obtained by 
applying NCWG or NCEWG on attributes. The decision matrices are aggregated to a single decision 
matrix. At the end we rank the alternatives according to their score to get the desirable alternative(s). 

Step 1. We construct the decision maker matrices in Equations (1) and (2). 

Equation (1): Decision making matrix for the first expert(attorney) Dy, is 
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Ay 
Xi 0.2, 0.6], [0.4,0.6 
0.5, 0.8], 0.7, 0.4, 0. 
X 0.3, 0.5}, |0.6,0.9 
0.3, 0.6], 0.3, 0.6, 0. 
X; 0.6, 0.9], |0.2,0.7 
0.4,0.9],0.5, 0.5, 0. 
X 0.4, 0.8], |0.5,0.9 
0.3, 0.8], 0.5, 0.8, 0 


y 


3 


y 


7 


y 


6 


y 


Re) 


0.1 
0.4, 
0.5 
0.4, 
0.2 
0.3, 
0.2 
0.5, 


A2 
, 0.4], /0.5,0.8 


0.8],0.6,0.7,0.5 


, 0.9], |0.1,0.3 


0.8], 0.8, 0.3, 0.6 


, 0.6], |0.7,0.3 


0.8],0.4,0.6,0.5 


, 0.7], |0.4,0.9 


y 


y 


y 


y 


0.7],0.6,0.4,0.5 


0.5 


0.1 


0.4, 0.6], 
,0.9|,0.4, 0.5, 
0.2, 0.7], |0.1,0.6], 
0.4, 0.7], 0.5, 0.4, 
0.5,0.9], 
, 0.5], 0.5, 0.6, 
0.3,0.5], 
0.7,0.3 


A3 


0.2,0.7], 


0.7,0.9], 


0.5,0.9], 
, 0.3, 0.3, 


22 of 24 


0.3 


0.7 


0.4 


0.8 


Equation (2): Decision making matrix for the second expert(market maker) D,, is 


0.3, 0.6], 
0.2, 0.6], 0.8, 0.7, 0. 
0.2,0.5], 
0.7,0.3], 0.4, 0.8, 0. 
0.5, 0.9], 
0.3, 0.8], 0.7, 0.7, 0. 
0.3,0.5], 
0.2, 0.5], 0.6, 0.5, 0 


Ay 
0.2,0.6 


0.6,0.9 


0.2,0.6 


0.3,0.9 


y 


2 


y 


7 


y 


8 


y 


A 


0.3, 


0.5, 


0.5, 


0.7, 


0.3,0.8], 


A2 
0.4,0.8 


0.8], 0.6, 0.7, 0.4 
0.4,0.9], 


0.1, 0.4 


0.8], 0.6, 0.5, 0.7 
0.2,0.5], 


0.2,0.7 


0.8], 0.6,0.7,0.2 
0.4,0.7], 


0.2,0.8 


y 


y 


y 


y 


0.3], 0.6, 0.7, 0.7 


0.2,0.7], 
0.3, 0.8], 0.5, 0.3, 
0.4,0.9], 
0.5, 0.8], 0.6, 0.5, 
0.3,0.5], 
0.2, 0.5], 0.6, 0.5, 
0.2, 0.6], 
0.2, 0.8], 0.4, 0.4, 


A3 


0.2, 0.6], 


0.1,0.4], 


0.3,0.9], 


0.5,0.9], 


0.5 


0.7 


0.4 


0.8 


Step2. Let W = (0.4,0.6)", then the single matrix corresponding to weight W by use of NCWG 


operator is 


Equation (3): The single decision matrix. 


a a aa 


0.7 


0.3 


0.6319, 0.6319, 0.7130 


0.5000, 0.6133, 0.3807 


Ay 
0.2551, 0.6000 
0.2885, 0.6732 
0.3371, 0.6968 


0.2352, 0.5577 
0.6000, 0.9000 
0.3000, 0.6634 


0.5378, 0.9000 
0.3565, 0.8385 
0.3418, 0.8484 


0.5101, 0.8000 
0.3465, 0.6325 
0.2416, 0.7449 


, 


, 


, 


647, 0.6041, 0.2352 


, 


, 


, 


618, 0.7360, 0.7000 


, 


, 


, 


, 


, 


, 


0.6000, 0.7000, 0.4772 


0.3618, 0.7360, 0.7000 


0.5 


0.6000, 0.6041, 0.6118 


Ag 
0.1933, 0.6062 
0.4430, 0.8001 
0.3418, 0.8680 


0.2352, 0.5577 
0.6000, 0.9000 
0.3000, 0.6634 


0.2000, 0.5378 
0.2352, 0.7000 
0.4279, 0.8000 


0.3031, 0.7000 
0.2639, 0.8385 
0.3881, 0.7000 


y 


, 


, 


, 


y 


295, 0.6634, 0.2885 


, 


y 


, 


0.4 


0.5 


A3 
0.2638, 0.6581 
0.1999, 0.6381 
0.3881, 0.8484 


0.5253, 0.8670 
0.1515, 0.6000 
0.4621, 0.8448 


0.3680, 0.6325 
0.4210, 0.9000 
0.1614, 0.5000 


0.3371, 0.4621, 0.3301 | (3) 


0.2352, 0.5578 
0.5000, 0.9000 
0.2416, 0.7647 


, 


, 


, 


621, 0.3881, 0.2223 


, 


, 


, 


626, 0.5426, 0.4000 


, 


, 


, 


0.3618, 0.3618, 0.8000 


Step3. Let the weight of attributes are W = {0.35, 0.30, 0.35}, using NCWG operators on attributes 
A's we get Equation (4), 


Symmetry 2019, 11, 247 23 of 24 


0.2375,0.6195], 
0.2885, 0.7916], 
0.3567, 0.8146], 
0.6315, 0.5757, 0.2851 
0.4426, 0.7657], 
X 0.2165,0.5915], 
0.5382, 0.7804], 
0.4827, 0.5729, 0.5282 
0.3500, 0.6616], 
0.3335, 0.8142, 
0.3131, 0.7498], 
0.5791, 0.6133, 0.4439 
0.3327,0.6774|, 
0.3630, 0.7787], 
0.2888, 0.7396], 
0.4906, 0.5359, 0.5692 


xX 


NCWG = 


X3 


X4 


Step4. Using the score function we rank the alternatives as: 
S(X1) = 0.0321, S(X2) = 0.0548, S(X3) = 0.0839 and S(X4) = —0.0969, X3 > Xp > X1 > X4 
The most desirable alternative is X3. 


7. Conclusions 


Dealing with real life problems, decision makers encounter incomplete and vague data. 
The characteristics of neutrosophic cubic sets enablesdecision makers to deal with such a situation. 
Consequently, for each situation we defined the algebraic and Einstein sum, product and scalar 
multiplication. It is often difficult to compare two or more neutrosophic cubic values. The score and 
accuracy functions are defined to compare the neutrosophic cubic values values. Using these operations 
we defined neutrosophic cubic geometric, neutrosophic cubic weighted geometric, neutrosophic cubic 
Einstein geometric, and neutrosophic cubic Einstein weighted geometric aggregation operators with 
some useful properties. In the next section, a multi-criteria decision making algorithm was constructed. 
In the last section, a daily life problem was solved usingmulti-criteria decision making method 
(MCDM). This paper is based on some basic definitions and aggregation operators, which can be 
further extended to new horizons, like neutrosophic cubic hybrid geometric and neutrosophic cubic 
Einstein hybrid geometric aggregation operators. 
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